1 DOF (chap.1, sec 2.1, course 1, also Modal.pdf)

1. Transfer (time, Fourier ia)/Laplace s, asymptotic prop, NL)
2. Poles, resonance, damping ratio -3 dB method

3. States, state-space models, poles

g. 1 DOF time exponential, convolution, logarithmic decrement

Strategies for transient in time & frequency

SD WT&OO|S \ et Métiers
MS2SC http://savoir.ensam.eu/moodle/course/view.php?id=1874

PROVIR http://savoir.ensam.eu/moodle/course/view.php?id=11767




Resonance (1 DOF oscillator), poly chl
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1 DOF time integration : state space (poly 3.1)

+ Second order (meca : Abaqus, NASTRAN, ANSYS)

(M]{G @)} + [Cl{q (D)} + [K]{q} ={F )}
- First order (ODE : Simulink, Simpack, ... )

{ g‘ }: { —Mo—lK —Mjlc ]{ Z }+ { Molb]{U(t)}
fyt)} = o]{?}

q

https://docs.scipy.orqg/doc/scipy/reference/generated/scipy.integrate.solve ivp.hitml
Matlab : ode4b, ...

To be discussed
- DOF / State / Initial condition
- Newmark, Runge Kutta, ...




Forced harmonic/transient
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1 DOF frequency domain / transfer

Dynamic equation Re ((—w’m +iwc + k) q (w) € — F (w) ") =0

Transfer function H () = q(w) 1
- Fw) —wm+tiwc+k
Fourier / Laplace transform
o0 e —By
Fly) =Y (w) = f_ y(t)e “tdt Y(s) = fo y(t)e ™ dt
1
F(y) = iwF(y) H(S):%:m52+cs—l—k

s = iw (in France s often noted p)
Laplace/Fourier




Non parametric frequency / time models

System H

Out

Ldd

LAAT

Integration

y(t) = y(0) + [y y(r)dr
Convolutlon

= [ _h(t — T)u(r)dr

LAdd

Transfer H(w)

- direct frequency response
- modal

Forced response

W= [H]{u(w)}

Transfer = assume linear time invariant LTI

Non LTI = LPV (linear parameter varying), NL (non-linear)

LAAT




1 DOF (Bode plot)

Im A o 1 L 1 /B B
N H(S)_Szm—l—cs—l—k_a(s—)\_l_s—)\)
| v
| @
: Poles
=-$0) Re

A= —Cwp +iwp/1—C2 Wi = wpy/1 — (2

B N B c _ —Re(X)
wn = \Vk/m = |\ y S o T e T T

1 DOF system (single mode for mechanical system)
has
2 complex conjugate poles (linear system modes)

A -b

1 % damping

Damping ratio see also quality slide

S = lw
Laplace/Fourier




1 DOF :Bode plot
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1 DOF :Bode plot

H(w) = !

Asymptotes:
- Flexibility 1/k

- Inertia (isolation) 1/ms? Flexibility

Resonance
- Amplitude < 1/¢

- Phase resonance -90°

- Bandwith «< ¢

—w?m + fwe + k

Response at phase resonance
H(w,)=1/i2Cw,?
—

TV

p—
o ——

' 1/k

Iner"ria_;
1/ms?




Quality factor

+ Transmissibility

XM
H=—=
XB

Emax _ i
* Other physics definition: Q = 2 s
s* ' 1
s2+2{;w;s + w? _Zi(-_Q
- J™] Jw; J

10° 10’ 10°




Nyquist & -3dB method

0,

Failures : resolution, noise, multi-mode
Wy — W1
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Resonance of NL / parametric system
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1 DOF : time response / poles

q(t) = Re(Ae™tt + Be?2t) = Acos

/

Initial condition

Work in Labl

1
08l — 100% (critique) |

' — — 200% (supercritique)
0.6 |

S
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0.4y N
b
s

0.2} S

O - “_, i =

0 1 2
t

Step input
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Logarithmic decrement, evolutions

Mode 1
0015 T
n_u:—“-_ e 2
0.5 I A -
iy o ~—r -
aod || =
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B n!1 nfz ufa n|.4 0!5 ulﬁ n!? 5 Ammsseme"t .P.I?Ff? [%]
Temps {s] é
Al
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*  For non-linear systems o & ¢ are amplitude
dependent OO .. . L. A

 Hilbert transform, Kalman filt., analytic signal

- Sample application :
NES (non-linear energy sink)

M. Feldman, Hilbert Transform Applications in Mechanical Vibration.

John Wiley & Sons, Ltd, 2011.

Flache de la poutre au sommet [mm]

Ph.D. Hugo Festjens




Modes & synthesis (course 3, see also second part of Modal.pdf slides)

. Inputs/outputs, 10 shape matrix, disp, resultants, ... (s2.1)

Discrete modes (harmonic sol. without input), orthogonality (section 2.2.1)
Ritz/Galerkin principles

Ritz/modal coordinates, PPV, series & state-space, time/freq strategies
Modal & Rayleigh damping, modal damping in physical coord (s 2.2.x)
Peak visibility, truncation, effective contributions (s 2.2.x)

SUAWN

SDA Tools A\ Wiy

V 4 L J
AAAAAAAAAAAAAAAAA ogebepafios et Métiers

MS2SC http://savoir.ensam.eu/moodle/course/view.php?id=1874
PROVIR http://savoir.ensam.eu/moodle/course/view.php?id=490




Experimental modal analysis : measurements

L” Laser vibrometer (measure)
o Ella

Measurement point

Plate

Shaker (excitation)

Computer I
to drive acq.

Signal »| Power »| Shaker

generation amplifier
Force measurement ‘

<+— Signal ]
Analyzer =~ f*— conditioning
| (amplification)

Response sensors




Modal analysis : transfers

SystemH | — :
IU” Y > Oyuf i Transfers estimated
from time response
........ ‘ \
ONE input {Y(0)}=[H(0){VU(w)}
ONE output 10° 3 Test 1001z,12-z
_ 101;—
o 10"k
% 1 8; ; 1|0 2|o H 3|0 l 5|0 elo
£  0F
MANY resonances & o L N | | |
5 10 20 30 40 50 60

Frequency[Hz]

Bode plot : visualization of transfer function




1 input, 1 output, many resonances

10" ——

MDOF multiple degree of freedom
SISO single input single output

Amplituds (ms /M)
= =

—
l:lu
na

1[.-35;”/ . |
Spectral decomposition

MDOF (multiple resonances)
7]

SISO Tjis 1x1 a(s)] = (2 |13 2)
| Jj€identified s° + 2Cjw;s + wj

Note : series truncated in practice
Constant approximation of high frequencies (D term in states space models)




MDOF MIMO system

The shapes

The poles
A = —(Wn & iwny/1 — (2

e L

e 1000 1500 e &=
> ( 1] )
entified | 5%+ 2Cjw;s + “

* Poles depend on the system (not the input/output)
* The shape is associated with the input/output locations

3000

| j€id




Lagrange equations / virtual power principle

/Kinema‘rics N /S‘raTics/’rhermodynamics N
 Displacement u(x,t)  Load/Stress o(x,t)

« Strain e(x,t) . Power: [, o¢

o |\ /

/Cons’ri‘ru:rive law (behavior-)\

o=F/A

LTI Equations of motion

\_ e -/ (M]{G ()} + [Cl{a ()} + [K]{g} ={F 1)}




Modes : harmonic solution with no force

[Ms? + Cs + K]{q(s)} — {F(s)} =0
q(t) = Re({l,bj}e’lft) complex mode (general definition)

Re([M2Z + CA; + K|{p;}e™' —{0}) =0

Eigenvalue problem
Linear time invariant (LTI)

https://www.youtube.com/watch?v=zstmGnaaaCl




Normal modes of elastic structure

* Real mode : no damping / elastic / conservative
q(6) = Re({g;}e")

[K B ijM]NxN{d)j}le = {0}

- MO&K=0 = ¢ readl
- There are N distinct modes for N DOF

* Full solver : scipy.linalg.eig (LAPACK Linear Algebra)

» Partial solvers exist, a few keywords
- scipy.sparse.linalg.eigs (Matlab eigs) : Arnoldi
- FEM Solvers : Lanczos (Krylov+conjugate gradient), AMLS

22




Normal modes of elastic structure

{pr}7|K — w0 M]{¢;} = {0}

. li
Orthogonality {ij}T [K - w,%M]{qbk} _ (0}

- Scaling conditions

+ Unit mass (¢} IM{op;} =1
* Unit amplitude csl{d;} =1 ni(ce) = ([Cz‘]ﬁt’;f%'})_2

normalized at s mass nhormalized




Kinematics / model reduction

- Displacement u(x,t) T
= shapes (x) x DOF (t) @e| (0§

Laser \ | o

. A
Actionneur

Piezo 1 |ACC

System

Piezo 3 /
In ~ STG"'@S ~ OUT First bending

Amplitude dB

- P il s
K = P T T LT S D C e T T P T T O T AT T

-~ ~ * Modes : high energy, load independent

L L (no blister shape)
of | ’ - Static response (influence of input=blister),
“0 important away from resonance
-60
- | — Accelero |
— Ph.D. Corine Florens 2010




Modal (principal) coordinates

» Coordinate change (physical g, generalized qg):

{q(s)} = [T]ququ{CIR(S)} = [¢p1 . dNu{qr(s)}

* Inject in equations of motion

[Ms® + (s + Klyvoxng [TIHAr(S) I ngrxa = 1F(S)}ngxa
+ Over determined (N, > N, ) : compute "virtual work"

[T [Ms* + s + K] [THqr(s)} = [TI'{F (s)}

+ For modes [T] = [¢1 ... oyu]

Reduced mass Mg = TTMT = [¢T M, ] = [\1\] .y

Reduced stiffness Kr = TTKT = [\ij\]

Need : observation, loads/command, damping

25




Observation

Ms? + Cs+ K] {q} = {F(s)} ;

W(s)t = ld g}

System H

* {y} outputs are linearly related to DOFs {q} using an

observation equation

i = lcltq®);

+ Simple case : extraction {w,} =[0 0 10]5, "~

- o
A :::‘:’:") ‘
: o e
<
I ‘A ‘J
~ll

* More general : intfermediate points, reactions,
strains, stresses, ...




Command

M+ Cs+ K] {q} = {F(x,9)} = [b(2)]{u(s)}

— <

* Loads decomposed as spatially unit loads and inputs

{F(1)} = [b] {u(t)}

Abaqus : *CLOAD + *AMPLITUDE, ..
NASTRAN : FORCE-MOMENT + RLOAD

ANSYS, CODE Aster, ..

(F1Y) [0

M |0
\ F2 >_ 1 {FZ}
M, ) 10




Modal damping

Rayleigh damping

- Physical domain

- Modal ¢T[C]e =

= a[M] + B[K]

— o[l + B [\w]?\]

(04

Za)j

fw;j
2

_I_

Modal damping

Physical domain [C] = [M¢]

derived from test

[p" M]

Damping ratio |%¢]

Mass

| 77 86 M+ 1.71266-05 K critical @ 6.2 & 1.9e+04 Hz
25
=207
O\O
g
=161
E
@
(]

10 10% @ 64 & 1.8e+03 Hz

/Inl T. % 4e+t0ZHz —

0 200 4(I) 660 80(3; 77‘](360”12})707 -_1;(3;07”176})07
Frequency (Hz)

Stiffness Reality

can be > 100%

O. Vo Van, E. Balmes, et X. Lorang, « Damping characterization of a high speed train catenary »,
TAVSD, Graz, 2015, http://sam.ensam.eu/handle/10985/10918.
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Physical / modal & spectral decomposition

{y(s)} = lcl{q(s)}

+ Physical [Ms? + Cs + K1{q(s)}ng = [b]{u(S)}l

* Modal coordinate {a(s)} = [THar($)} = [¢1 - ONymligr(s)}
* Modal equations ( )
Is? + s+ [\w,?\” (ar(Mgr = 0] b]u(s))

()} = [co;]{ar(s)} \ E

» Reduced matrices = diagonal

-

Modal observability/commandability
» Spectral equations (inverse of diagonal matrix) /
i) b

52+ 20,05 + w?

H(s) = [c][Ms? + Cs + K] t[b] = z

J

29




Observability/controlability

[l {es J{0s )" o :i @]

H(s) = !

Aile/Aile Fuselage/Fuselage

Amplitude (m/N)

2 2
Frequence (Hz) Frequence (Hz) Frequence (Hz)




Discretized/reduced equations of motion

FEM < Reduction
Finite elements Reduction
Continuous — discrete full Full - reduced
Support Element: line, triq, tetra, ... FE mesh

Variable separ.
Shape functions

w(x,t) = N;(x)q;(t)
e(x,t) = B;(x)q;(t)

{a@®)} = {Ti}q;(®)

T; simple FE solutions

: — 7T
Weak form numerical integration FEM matrix projection
Assembly Localization matrix Boundary continuity, CMS
Validity Fine mesh for solution gradients Good basis for considered

loading (bandwidth/inputs)

[1] O. C. Zienkiewicz et R. L. Taylor, The Finite Element Method. MacGraw-Hill, 1989
[2]J. L. Batoz et 6. Dhatt, Modélisation des Structures par Eléments Finis. Hermes, Paris, 1990

[3]1K. J. Bathe, Finite Element Procedures in Engineering Analysis. Prentice-Hall Inc., Englewood Cliffs, NJ, 1982




LTI model forms

* State-space

+ See MATLAB control or scipy.signal.lti

%) = [A]ix) + [B{u}
W} = lelix} + D{u}

. 0 I
+ Mechanical SS { f’ }: [ N [\“’?\} i ] { f;j
0

+ tf H=3;b;s" /¥ ;a;s’, zpk (zero pole gain), residue
(partial fraction expansion = modal form)




Complex mode 1o real state-space

If non modal damping, complex conjugate poles

L R RN CE
can be grouped as in elastic mode state-space

(- -] () (e

oy = e cf 7]

{g} = 2[Re(0/B) 1m (6] )][Q—i‘j —; 01—5?]
VT o] [

Ci; B 1
Co; - \/1 ¢?

Difference : loads affect velocity B, # 0 and C, # 0




