SVD, Advanced modal

1. Squeal motivation : Even in fairly complex case « the response
occurs with a restricted subspace » = shapes remain invariant in
some sense

2. Subspace building strategies :

- CMS : modes + static + parameters
- Time & frequency snapshots, wave/cyclic computations, ...

3. Basis building strategies
- 6ram-Shmidt / LU : classical non-sorted
- Sorting contributions : SVD
- Choosing norms (SVD variants)

- Analyzing right singular vectors (modal/generalized coordinates)

- Other classic use : least squares & conditioning
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Learning shapes in squeal event

Time measurement durmg
squeal o

Braking

Variability event 1
- influence of wheel angle

Reproductibility Braking

- Multiple events event 2

y Braking

event 3




What is expected from theory?

Shape 1: real mode with
normal contribution
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Sensors

Shape 2 : real mode with
tangential contribution

2 DOF : amplitudes

of each shape /

Parameter : friction = non symmetric coupling
normal displacement = tangential load
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G. Vermot des Roches, « Frequency and time simulation of squeal instabilities. Application to the design of industrial automotive brakes », Ph.D. ECP, CIFRE SDTools, 2011




Shapes constant / DOF (function of parame’rer)
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Participation of real shapes to complex modes

Damping [%]
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Subspace learning & basis selection

Frequency [Hz]
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Singular shapes amplitude

only 2 significant real shapes &

2 associated DOF

shapes independent of parameter
Parameter : difficult to control (wheel position,
brake event, ...) but exists




Outline

1. Squeal motivation

Singular shape amplitud
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2. Subspace building strategies (learning phase) :
- CMS : modes + static + parameters
- Time & frequency snapshots, wave/cyclic computations, ...
3. Physical vs. generalized/modal coordinates
4. Basis building strategies
- 6ram-Shmidt / LU : classical non-sorted
- Sorting contributions : SVD
- Choosing norms (SVD variants)
- Analyzing right singular vectors (modal/generalized coordinates)

- Other classic use : least squares & conditioning




Subspace generation

Traditional : modes + static correction
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Subspace & parametric model
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Interface reduction : wave/cyclic

Best interface reduction = learn from full system modes

1. Learn using wave (Floguet)/cyclic solutions
2. Build basis with left/right compatibility
3. Assemble reduced model
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From shapes to bases

* Gram Schmidt (iterative) o " [qR]
- Iterative maximum sequence M

* Missing notion of "optimal” order = SVD [T e ¢

¥ 1 0 0 |«— 57z

L0 0 o0 |- 1282

https://www.code-aster.org/V2/doc/default/en/man_r/r5/r5.01.01.pdf / .




SVD : sorting I/0 space

A :AU SV N R Spife d time
e L) ) : \
SVD

« {X} on sphere in input space
transformed in {Y}=[AI{X} ellipsoid
« Sorted series of rank 1 contributions shape DOF

Video : MIT opencourseware Singular Value Decomposition (SVD)

Choosing norm : example modes

* {¢} onunit strain energy sphere
output is kinetic energy

1 piMp;

e Si =
Singular value 2 = oTke,

= 1/Rayleigh quotient
/ Y g9 q AIAA Journal, Balmes, 1996 12



SVD, variants, related

Random fields Karhunen-Loeve [
* input-norm I for all DOFs
 output norm spatial correlation

C = exp[—(x; — x2| + [y1 — ¥2)]

PCA Principal Component Analysis

POD based on snapshot-reduction [21:

* input-norm I on snapshot vectors
« output norm I

Junction modes [3-4]
* input-norm I for modes

or contact stiffness
 output norm local stiffness

Non-linear dimensionality reduction (manifold) [°] _.f?jjjj
* More complex relation between parameters
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[1] Chung, Gutiérrez, & all, “stochastic finite element models,” IUME, 2005.

[2] Kershen & al. “POD”, Nonlinear dynamics , 2005

[3] Balmes, Vermot, “Colloque assemblages 2015”, + [4] Bendhia 1-epsilon compatibility EJCM 2010
[5] Ph.D. Olivier Vo Van 2016




SVD uses : EMA multiplicity

MMIF (all channels of [1xf)

1700 1750 1800 1850 1900 1950

Frequency (Hz)

® (Hz) ¢ % LinLS | LoglS | o,/0, 0,/0,
1853.3 (0.306 1.97e-8 | 1.22e¢+2 0.47 0.01
1853.3 (.306 1 07e-8 | 0.83e+2 0.03 .01
1857.8 0.542 0.07 0.05

» Contributions of nearby poles can
sometimes be grouped as a single multiple
pole

» Identifying separate poles is better



Subspace m. : output only

RO)  [RU] .. [Rg- 1]
[h(kit)}m _ [R(;l)} [R(2)} . R(1 +:q —1)]
[Rp-1] [Rp-1+1] .. [Rp-1+q-1)

G = E(X.Y))

(kAL = [0,(C, A)] [C4(A, G)]

Pq

[0,(C, A)] = ; and [Cy(A,G)] = |G AG ... AT'G]
A

Subspace identification methods use SVD

See course notes section 7.5




Outline

1. Squeal motivation

2. Subspace building strategies (learning phase) :
- CMS : modes + static + parameters
- Time & frequency snapshots, wave/cyclic computations, ...

3. Physical vs. generalized/modal coordinates

- Using generalized coordinates makes engineering sense
- Hyper-reduction of distributed NL is then possible

4. Basis building strategies
- 6ram-Shmidt / LU : classical non-sorted
- Sorting contributions : SVD
- Choosing norms (SVD variants)
- Analyzing right singular vectors (modal/generalized coordinates)

- Other classic use : least squares & conditioning
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Physical & Modal DOF

* Physical domain:

MG} +(Clg)} + [KRa(t)} = {f(g.4.1)}

* Modal domain:

- mass orthogonality condition ¢p"M¢p =1
- stiffness orthogonality condition ¢/ K¢; = w?
- Modal equation

{a(0} + MH{a®)} + [\ | {a(0)} = {f(a. 1)}
- Modal amplitudes {a} = [¢~1|{q} = [¢" M]{q}

Associated concepts : force appr'opr'ia’rion, modal filter

2
J J

* Modal energies  ¢; —(cx + w

17




Modal participations in ODS
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Obtain modal amplitudes of
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Tracking modes

* Horizontal lines : global modes
+ S curve : local cable guide mode 2400

Assembly
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Local component mode in an assembly
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Modal energy computations

+ Does the shape change in NL behavior . x1
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Hyper reduction of transient NL

HR : generic form of FEM problems
1. FEM kinematics u(x,t) = [N(x)]{q(t)}
2. Material evolution : S = fi,,0: (Vu, Ujne)

3. Virtual work  M§ + Fine(q, tint) = Fext
» Integration at quadrature points g (disessembly)

Fint(q, Uint) = z CT]gngmat(E; Uint)
g

= [Blwxqu i) {fmar (1€ (v, xn @b tine )}

Copied from 9_damping.pdf slides




HR phase 2 : kinematic reduction

1/ Off-line learning (non-linear High Fidelity Simulation)
Snapshots or iterative method

2/ Kinematic reduction using SVD, or CMS
Qiearn = Z{Ui ()} (07 v (1))

Time
evolution

Time

DOF

47
),

e, SVD

S

1
Space shapes

Reduced equations of motion T7MTé, + [TTBlygrsngfma: (CTqr ting) = TT Fox

Nq r

e N, (gauss points) remains large
*  fnat(CTqy, uine) evaluation dominates

Copied from 9_damping.pdf slides 23




HR phase 3 : operator reduction

3/ Operator reduction (hyper-red.) = less points + new weights
{Fint} = jﬂfmat(xgt t) dV = Zg: (CT]gngmatg — IBg(xg)fmat‘g(q' t)

Choose NT learning points and minimize ||w;

H[[TT[B] 5| — [[T7B,] 5]

, Subject tol!]

{wg}{| <éorandwy >0

(NTXNR) 5

(NTXNR)XNg

T' B

4/ On-line usage (29s vs. 27h)
5/ Post-processing (estimate continuous fields)

[&)]
T

Full simulation
Reduced simulation
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N w
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[1]  Farhat, Avery, Chapman, Cortial, « Dimensional reduction of nonlinear finite element dynamic models with finite rotations and energy-based mesh
sampling and weighting for computational efficiency», I/NME, vol. 98, n° 9, p. 625-662, 2014.

[2] F.Casenave, N. Akkari, F. Bordeu, C. Rey, and D. Ryckelynck, “A nonintrusive distributed reduced-order modeling framework for nonlinear
structural mechanics—Application to elastoviscoplastic computations,” [IINME, vol. 121, no. 1, pp. 32-53, Jan. 2020, doi: 10.1002/nme.6187

[3] Penas, Rafael, Models of dissipative bushing in multibody dynamics, PhD ENSAM 2021

Copied from 9 damping.pdf slides 24




Outline

Y(fmax(t), 1)

Squeal motivation : Even in fairly complex case « the response
occurs with a restricted subspace » = shapes remain invariant in
some sense

. Subspace building strategies :

- CMS : modes + static + parameters
- Time & frequency snapshots, wave/cyclic computations, ...

. Basis building strategies

- Gram-Shmidt / LU : classical non-sorted

- Sorting contributions : SVD

- Choosing norms (SVD variants)

- Analyzing right singular vectors (modal/generalized coordinates)

- Other classic uses of SVD : least squares & conditioning
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SVD (2/2)

Matrix form A=U S VH

. min(n,m)
Series form A= Y o {U{V;)}T

gl

Standard properties

1
A1) =
O max ( ) O_milll (A)
A 1
111111( ) O ( A)

Omax(A) — 1 < opax(I + A) < opax(A) + 1
Omin(A) — 1 < opin(l + A) < opin(A) + 1
Omax(A + B) < 0max(A) + max(B)
(AB) < 0max(A)Omax(B)

O_m aX




Least squares and SVD

. min(r,m) |
SVD of A is of the form A= S U vy
Least squares solution given by =1

* This is a Moore-Penrose pseudo-inverse

m 1) |
(e} = X o HY =W [0 ] )




Least squares condi’rioning

* But errors (\[fﬂ OA]) ({z} +{oz}) = ({b} +{db})

- Problem is well conditioned if :

oAl . 90 |0 |

= L —<<l ==

_ < 1
I A] 1] ||

* One can prove that (k condition number)

|| o [ NsA]] 5@) |
E K ( ‘4) ( . F v fl = ;—1 fl =1
e 1A 10 ki (A) IAI 1A




Non linear least squares

J(p) = |R||2 = Trace (RTR) = ZRUHU

: L. aJ- OR'
First derivative ‘_(p) — 2Trace R
Op ()p
52 (p) ORTOR . 0°R
Second derivative 5,2~ 1 (dp o T

Newton method p"i=p'+5p™! with
[d d;(zp)] {op™ '} + {diff)} = {0}

Convergence /\ma}{([dz (p)D < 1

dp 2




Parameter equivalence : material example

«J, — . . - Ey = argmin(lfflexion(Elr G31) - fflexi ,obj |)

Displacement] [m]

flexion

2| —6— flexion dans le plan
i flexion 1 noeud
b | ldgoo —— torsion
\ \ "“ —— flexion dans le plan 1 noeud
\

‘ ‘ RENR -.\ VU —A— flexion 2 noeuds Lix
1000 2000 3000 4000 5000 6000 7000 8000 2000 10000 flexion dans le plan 2 noeuds

—b— flexion 3 noeuds

phasa (w) [deg]

torsion
—#— traction/compression

' ' E2coe!
Ey
Vertical bending
Solution is not unique
Mode-shape very similar

Jacobian poorly conditionned

Assumption must be made

- G31/E1 constant ?
- E;traction?
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SVD and conditioning

» For ||8A]||=¢ smaller eigenvalues need to be
neglected (because not well known)

_O_l

* Hence well conditioned pseudo-inverse

{z} =[A4]" [t = {Zl o; {Vi} {C}}T} b




Reqularization methods

* One penalizes parameter changes

1{1111}1 I + o { P — pU}T { P — po}
p | |

- Tterations of the form
{0(5;(2})) ] {op" T} + {()é;) +o{p" —p“}} = {0}

» Small singular values replaced by &
» Large singular values not modified

= Similar effect than pseudo-inverse
with truncation of small singular values




Sample clustering method

+ Compute cosine distance {;:;7

(ulv) )
[lullllvll

cos™1 (max

A,B -2 UA:UB => Omax (UB - UA(U/I{IUB))

* Recursively group elements with
smallest distance ? &
» K-means algorithm m 2

Clustering of Parameter Sensitivities: Examples from a Helicopter Airframe Model Updating Exercise.
Shahverdi, Mottershead & All



